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Generalizing results of Yang Gao, Lei Mou and Shangzhi Wang, as well as a result of the
author, we prove that a topological space is locally compact and metacompact if and only
if its product with every compact space is base-cover metacompact.
© 2010 Elsevier B.V. All rights reserved.
Deﬁnition 1. X is base-cover paracompact [3] if it has a base B such that every cover C ⊆ B has a locally ﬁnite subcover.
X is base-family paracompact [4] if it has a base B such that every subfamily F ⊆ B has a subfamily F ′ ⊆ F such that⋃F ′ =⋃F and F ′ is locally ﬁnite at each point of ⋃F ′ . Base-cover metacompact and base-family metacompact are deﬁned
in a similar way, replacing “locally ﬁnite” with “point-ﬁnite”.
The Sorgenfrey line S is base-cover paracompact [3]. The Michael line M and the rationals Q are base-family paracom-
pact [4]. Answering questions from [3,4], Gao, Mou, and Wang [1] (resp., Mou [2]), show that products of these “nice”
spaces, namely M and S (resp., Q) with the compact ordinal space ω1 +1 are not base-cover metacompact. In this note, we
show why: these “nice” spaces are ﬁrst countable but not locally compact.
Theorem 2. The following are equivalent for a T3 space X :
(a) X is locally compact and metacompact,
(a′) X is locally (countably) compact and base-cover metacompact,
(b) X × [0, κ+] is base-cover metacompact, where κ = χ(X) ℵ0 is the character of X , κ+ is the least cardinal larger than κ , and
[0, κ+] = κ+ + 1 is given the open-interval topology,
(c) X × K is base-cover metacompact for every compact T2 space K .
Proof. (a) ⇒ (c): By [3, Theorem 2.5(a)], a space is base-cover metacompact if it has an open cover the closures of elements
of which are compact and form a point-ﬁnite cover: a condition satisﬁed by X × K . The proof of (a) ⇔ (a′) is similar (using
that countably compact metacompact spaces are compact). (c) ⇒ (b) is trivial.
(b) ⇒ (a): Since X is closed in X × [0, κ+], it is base-cover metacompact. Assume X were not locally compact and
ﬁx p ∈ X that has no compact neighborhood. Then p has no countably compact neighborhood either. Fix a local base
{Uβ : β ∈ κ} at p. Let B be any base for X × [0, κ+]. For each α ∈ κ+ pick Bα ∈ B with (p,α) ∈ Bα ⊆ X × [0,α], and pick
βα ∈ κ and δα < α with (p,α) ∈ Uβα × (δα,α] ⊆ Bα . For each β ∈ κ let Aβ = {α ∈ κ+: βα = β}. Since κ+ =
⋃
β∈κ Aβ , we
may ﬁx β such that Aβ is stationary in κ+ . By the Pressing-Down Lemma, there is a stationary T ⊆ Aβ and δ ∈ κ+ such
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discrete subset {xn: n ∈ ω} of Uβ . Then the set F = {(xn,αn): n ∈ ω} is closed in X × [0, κ+], and is covered by the family
C′ = {Bαn : n ∈ ω}. Pick any C′′ ⊂ B with
⋃C′′ = (X × [0, κ+]) \ F . Let C = C′ ∪ C′′ . Then C is a subcover of B, but every
subcover of C must contain Bαn for inﬁnitely many n, and hence could not be point ﬁnite at (p, δ + 1). 
Theorem 2 shows that (a) ⇔ (c) of Theorem 3.5 in [3] (Theorem 3 below) holds with “paracompact” replaced by “meta-
compact”. Theorem 2 also provides an alternative proof of Theorem 3, by replacing condition (b) below with the condition
that X × [0, κ+] is base-cover paracompact.
Theorem 3. ([3]) The following are equivalent for a T2 space X :
(a) X is locally compact and paracompact,
(b) X × A(κ+) is base-cover paracompact, where κ = χ(X), and A(κ+) is the Alexandroff compactiﬁcation of a discrete space of
cardinality κ+ ,
(c) X × K is base-cover paracompact for every compact T2 space K .
Remark 4. The proof of (b) ⇒ (a) in Theorem 2 works with X × [0, κ+) in place of X × [0, κ+]. This could be contrasted
with the proofs of Theorem 3, and of Theorem 2.1 in [4] (a space is metrizable iff its product with a converging sequence is
base-family paracompact), where the only non-isolated point in that context was used.
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